We present a study of the dielectric response of ͑GaAs͒ p / ͑AlAs͒ p (001) superlattices in a wide range of barrier and well widths. We applied density functional theory and a semiempirical method to obtain the superlattice band structures. These were then used as a starting point to evaluate the optical spectra and macroscopic dielectric constants using time-dependent density functional theory. In this context, we investigated the role of crystal local field effects in determining the anisotropy of the dielectric constants. Furthermore, we calculated absorption spectra including the strong continuum excitonic effect through the use of an appropriate model exchange-correlation kernel. We analyzed in detail the complementarity of the ab initio and semiempirical approaches and we compared the successes and limitations of the different approximation schemes.
I. INTRODUCTION
Reducing the size of one-, two-, or three-dimensional heterostructures at the nanoscale level leads to electronic ground and excited states widely different from those of the bulk crystals, and has opened the way to a new generation of optoelectronic and photonic devices. In nanostructured materials, the electronic states vary from those of the bulk constituents essentially due to three effects. (i) The band offsets at the interfaces act as effective potential barriers, inducing the confinement of carriers (both electrons and holes) in potential wells.
(ii) As a consequence of the creation of a supercell in the direct space, in reciprocal space the bulk bands are folded onto a smaller Brillouin zone. This back folding is accompanied by the mixing of otherwise independent bulk states, coupled by the superimposed confining potential. (iii) The composite crystal can exhibit symmetry breaking with respect to its building blocks: in particular, the lowering of an original cubic symmetry gives rise to anisotropy in the electronic properties.
GaAs/ AlAs superlattices (SL's) are prototypes of semiconducting heterostructures and have been extensively studied, both experimentally [1] [2] [3] and theoretically, [4] [5] [6] [7] [8] [9] [10] in recent years. The original point group of GaAs and AlAs bulk crystals is the T d group of zinc blende, which yields an isotropic optical response of the medium. When a multilayer with a common-ion interface is grown along the [001] crystalline axis, the original cubic T d symmetry is reduced to tetragonal D 2d . The system turns from isotropic into uniaxial, with a macroscopic dielectric tensor containing two components ʈ and Ќ , describing the response for light polarized along the growth direction and in the plane containing the interfaces. The anisotropy of GaAs/ AlAs-based SL's, together with the huge second-order susceptibility of GaAs, have been successfully applied in the design of frequency converters. 11 These devices, working at frequencies in the infrared region, exploit the change in the refractive index with light polarization-the birefringence ⌬n͑͒ = ͱ Ќ ͑͒ − ͱ ʈ ͑͒-to prevent optical dispersion. This is achieved by matching the phase velocities for light propagating at different frequencies. Below the energy gap, while approaching the first allowed dipole transition, the birefringence is dominated by resonant contributions. On the other hand, in the low-frequency region ⌬n͑͒ is rather dispersionless and can be well approximated by its zero-frequency value ⌬n͑0͒. The magnitude of the static birefringence ⌬n͑0͒ is related to the dielectric mismatch of the constituent crystals, and shows a nontrivial dependence on the barrier and well width. In particular, a remarkable drop in the static birefringence was observed by Sirenko et al. 12 in (001) ͑GaAs͒ p / ͑AlAs͒ p SL's, when the so-called SL period p is small ͑p Ͻ 14͒. For larger periods, the measured birefringence reaches a plateau, whose height can be easily related to the classical birefringence predicted by the effective medium theory. [13] [14] [15] In fact, both quantum confinement and tunneling effects, which affect the carriers, vanish when the barrier and well widths become large enough with respect to the lattice constant. This justifies a simplified description of the medium as an arrangement of classical bulk dielectrics. In this limiting case, the dielectric constant tensor is obtained by the classical expression for a series and parallel arrangement of capacitors: 13
and confinement-induced multivalley and multiband mixings all over the Brillouin zone. This can in principle be done using either ab initio or semiempirical band structure calculation methods. Ab initio density functional theory 16, 17 (DFT) calculations benefit from a high degree of precision and from their predictive power, but are demanding from a computational point of view. Therefore, in recent decades many empirical methods were developed in order to study large-scale heterostructures. 18 From this point of view, ab initio and empirical calculations play a complementary role, and should be combined to attain a complete comprehension, at different size scales, of the electronic properties of complex heterostructures. Of course, this is true only if the semiempirical description is able to catch all the essential physical effects that contribute to the experimental results.
In this work we explore both the ab initio DFT and the semiempirical linear combination of bulk bands 19 (LCBB) approach. A comparison of ab initio and semiempirical results, together with available measurements, not only leads to further insight into the physics of semiconductor SL's, but also allows a discussion of the advantages and disadvantages of the two different computational approaches.
In recent years, the electronic structure of GaAs/ AlAs SL's was studied by means of DFT only for very short-period superlattices. 6, 20 Concerning the optical properties, it is possible to find in the literature a few ab initio calculations for ultrathin multilayers, 21 semiempirical LCBB calculations, 22 and empirical tight-binding calculations for larger-scale systems. 5 All of these calculations are based on Fermi's golden rule, in terms of independent transitions between oneelectron states. This approximation ignores contributions stemming from many-body effects. In particular, crystal local field effects (LFE's), which reflect the charge inhomogeneity of the responding medium, give sizable contributions in multilayer structures. Moreover, self-energy corrections and the electron-hole interaction are expected to be important, as they are known to modify significantly the line shape and the peak positions of GaAs and AlAs absorption spectra. 23, 24 Our recent calculations 25 of the SL dielectric constants ʈ,Ќ ͑ =0͒ as a function of the SL period p, based on DFT and including LFE's, proved that, for any SL period, the qualitative behavior of the dielectric anisotropy is essentially governed by the interplay between quantum confinement and LFE's. In the present work we explain these results in more detail, and we complete them with additional findings (semiempirical and DFT band structures, dielectric constants obtained in different approximation schemes). Moreover, we show results for the absorption spectra obtained within timedependent DFT (TDDFT), 26, 27 including the strong continuum excitonic effect through the use of an appropriate model exchange-correlation (XC) kernel. 28 Finally, we pay particular attention to the description of the different terms contributing to the anisotropy of the dielectric response, by means of simple models. This allows us to give a consistent picture explaining when and why semiempirical or classical approximations and approximate descriptions of many-body effects can be used, as well as the possible sources of error in the calculations.
Concerning what follows, we briefly review the two approaches for the calculation of band structures in Sec. II and the theory of dielectric function calculations in Sec. IV. Then, we present our results for GaAs/ AlAs SL's for different barrier and well widths: the electronic band structure (Sec. III), the frequency-dependent absorption spectra (Sec. V) and the static dielectric properties (Sec. VI). Finally, all results are summarized in Sec. VII.
II. TECHNICAL ASPECTS OF THE BAND STRUCTURE CALCULATIONS
We considered ͑GaAs͒ p / ͑AlAs͒ p SL's, grown along the [001] crystallographic axis, with a barrier-well period p varying from 1 to 14. It is well known 29 that a structural relaxation of the supercell geometry is not necessary for GaAs/ AlAs-based heterostructures, since the small latticeconstant mismatch ͑Ӎ0.15%͒ makes negligible stress and strain effects at the interfaces. Assuming abrupt interfaces, the Bravais lattice is simple tetragonal, with a supercell defined by the basis vectors (1,1,0) ͗a͘ /2, ͑−1,1,0͒ ͗a͘ /2, ͑0,0, p͒ ͗a͘, where ͗a͘ is the average bulk lattice constant and p is the SL period.
The SL one-electron energy levels and wave functions were calculated using ab initio DFT (Refs. 16 and 17) and the semiempirical LCBB method (Ref. 19 ). We performed band structure calculations within DFT in the local density approximation (LDA), 17 using separable first-principles norm-conserving pseudopotentials and a plane wave expansion of the Kohn-Sham orbitals. We used for the LDA XC functional the parametrization of Perdew and Zunger 32 of the Monte Carlo results of Ceperley and Alder. 33 The atomic pseudopotentials were generated with the FHI98PP code. 34 The parameters used are listed in Table I . We tested various atomic pseudopotentials, 30, 31 paying particular attention to the choice of the reference configurations: this is essential to reproduce the fact that the lattice mismatch between GaAs and AlAs is very small. 35 Furthermore, we found a strong improvement of the excitation properties of Ga and Al atoms when nonlinear core-valence corrections 36 are included. The same corrections turn out not to be relevant for the As 37 The theoretical estimation of the lattice mismatch is, however, in excellent agreement with the experimental value. Moreover, we found that the total energy of the SL does not change significantly when moving from the GaAs to the AlAs lattice constant and that the energy minimum is reached close to the intermediate value ͗a͘ = 10.60. This value was used for the DFT calculations, while the average of the experimental lattice constants was used for the semiempirical calculations.
In Ref. 22 we adopted the LCBB method to determine the electronic states and the absorption spectra of GaAs/ AlAs SL's. For all technical details and convergence tests we refer to that work. In the LCBB method, the heterostructure wave functions k SL,j SL are expressed as linear combinations (over band indices i and wave vectors k) of full-zone Bloch eigenstates k,i of the constituent bulk materials:
where labels the bulk type (GaAs or AlAs), k SL is a wave vector inside the SL Brillouin zone (see Fig. 1 ), and j is the SL band index. Due to the supercell periodicity, the confining potential mixes only the n k =2p bulk states labeled by k vectors which differ from k SL by a SL reciprocal lattice vector. This property allows us to use a small basis set, namely, 2p ϫ n b bulk states, where n b is the number of selected band indices. In the following we set n b equal to 20. The total potential term in the SL Hamiltonian is a sum of screened, local, semiempirical atomic pseudopotentials v ␣ :
where R is the tetragonal SL direct lattice (DL) vector and d ␣ the displacement of the atom of type ␣ in the primitive supercell. We employed the parametrized pseudopotential functions developed by Mäder and Zunger, 38 designed for a kinetic-energy cutoff of 5 Ry. The pseudopotential function v ␣ ͑q͒ is adjusted to reproduce the measured electronic properties of bulk GaAs and AlAs, and the DFT-LDA wave functions calculated for the ordered AlGaAs alloy (i.e., the monolayer SL). In semiempirical calculations, the fitting procedure entails implicitly the relativistic and many-body effects which can be described through a one-body local potential. This, in particular, allows us to circumvent the socalled gap problem present in DFT-LDA calculations of semiconductors. 39 In the heterostructure, As appears in three different environments, namely, surrounded by four Ga atoms, by four Al atoms, or by two Al and two Ga atoms. In this last situation, we use for the As pseudopotential the average of the pseudopotentials used in the two former situations. This choice preserves the symmetry of the crystal at the interface. The same pseudopotentials were employed to determine the bulk states, expanded on a plane wave basis. The computational cost of the ab initio and semiempirical approaches is of course very different, starting from the number of plane waves N PW . For comparison, we can consider the calculation of the band structure for a p = 10 SL. More than 20 000 plane waves are needed for the DFT calculations, whereas N PW = 1200 in the semiempirical approach. The CPU time required for the calculation of the bandstructure differs in this case by almost two orders of magnitude, and the random access memory requirement by one order of magnitude.
III. BAND STRUCTURES: RESULTS
Let us first look at the SL band structures along the highsymmetry directions in the tetragonal Brillouin zone (see Fig. 1 ), obtained within DFT-LDA. The dispersion of both the valence and the conduction bands is quite well described in bulk GaAs and AlAs (with an error bar of 0.1-0.2 eV). 39 Nevertheless, the energy gap is, as usual in LDA calculations, 39 largely underestimated. Additional self-energy corrections have essentially the effect of shifting rigidly upward the conduction bands by 0.8 eV for bulk GaAs and 0.9 eV for bulk AlAs, respectively ("scissor operator ap- proximation"). Some authors have applied a similar "scissor operator" to very thin GaAs/ AlAs SL's, 6 taking as reference quasiparticle calculations for the band energies of p =1,2 SL's. 20 We compared their DFT-LDA eigenvalues at the high-symmetry points for p =1,2,3 with our corresponding energy levels and found differences that never exceeded 0.1 eV. It should be noted that the Kohn-Sham eigenvalues do not have a direct physical interpretation. However, these eigenvalues, together with the Kohn-Sham eigenfunctions, can be used within TDDFT to obtain the optical properties and static dielectric constants. It is therefore instructive to analyze the evolution of the band dispersions and the KohnSham gaps as a function of p over a large period range ͑1 ഛ p ഛ 10͒, and to compare DFT-LDA with semiempirical 22 LCBB band structures.
By comparing the ͑GaAs͒ p / ͑AlAs͒ p SL band structure to the band structure of the material composing the layers where both electrons and holes are confined (i.e., GaAs), one can extract information about the magnitude of the confinement effects, which increase the gap, and of the confinement-induced tunneling and intervalley mixing, which displace energy levels and remove level degeneracies. In Fig. 2 we display the DFT-LDA band structures of ͑GaAs͒ 1 / ͑AlAs͒ 1 and of its bulk counterpart ͑GaAs͒ 2 . The latter was obtained by folding the bulk bands in the tetragonal Brillouin zone, in order to allow a direct comparison to the SL band dispersions. We observe a big increase of the SL direct gap ͑+80% ͒ with respect to the GaAs gap. Furthermore, at ⌫ , Z , and M the threefold degeneracies are always removed. As the spin-orbit interaction is not included, at the point ⌫ we obtain a twofold degenerate "heavy hole" and a single "light hole" state. 40 The large bandwidths along the ⌫ -Z direction are the consequence of strong electron tunneling, resulting from the thin barrier widths. For p = 1, the DFT-LDA band structure shows an indirect gap, as the conduction band minimum is found at R . This is in agreement with quasiparticle calculations, 20 but in disagreement with experimental luminescence data, which place the conduction minimum at M . 41 For all other supercell sizes ͑p ജ 2͒), our DFT-LDA gap is a direct gap at the ⌫ point. Quasiparticle calculations 20 cannot reveal the nature of the gap for p =2, since the M and ⌫ states are too close in energy. Luminescence data 41 show that the indirect character of the gap (conduction minimum in M ) is conserved up to p = 3. Then, starting from p = 4, the conduction minimum is located at ⌫ .
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The ordered alloy for p =1 (and to a smaller extent also the p =2 SL) possesses very peculiar properties, that cannot be deduced from the general behavior of GaAs/ AlAs multilayers as a function of the SL period. However, general trends can be easily established for p ജ 3 SL's. When p increases, tunneling and confinement quantum effects vanish progressively. It is then possible to have a classical description in terms of the electronic properties of the bulk constituents.
In Fig. 3 we reproduce the DFT-LDA band structure of a ͑GaAs͒ 10 / ͑AlAs͒ 10 (001) SL, which can be directly compared to the LCBB band structure for the same SL reported in Fig. 4 of Ref. 22 . The band folding makes the SL band structure highly dense for p = 10; thus the dispersion of a single band cannot be detected by a simple inspection of the figure. However, we verified carefully that the ab initio and semiempirical band dispersions and widths are similar, for both the valence and conduction states. In fact, for all SL periods considered, if the conduction DFT-LDA bands are shifted rigidly upward to compensate for the underestimation of the band gap in the Kohn-Sham scheme, the DFT-LDA and LCBB bands coincide. This agreement is better for the lowest conduction levels, up to 10 eV. Similarly to bulk GaAs calculations, the DFT-LDA SL gap is about 50-60 % smaller than the corresponding semiempirical gap. The larger semiempirical gap is of course caused by the semiempirical fitting procedure based on the experimental optical spectra. A systematic study of the evolution of the band gap at ⌫ as a function of p is presented in Fig. 4 (the experimental data are shown as well 43 ). Despite the difference in the absolute value of the gap energy, we find exactly the same slope in the semiempirical and DFT-LDA curves: for p ജ 3 the gap energy starts to decrease toward the respective (i.e., experimental or DFT-LDA) GaAs ⌫ gap values. As expected, the semiempirical results are very close to the measured ones.
Sizable differences between semiempirical and DFT-LDA band dispersions cannot be easily detected, even for small period SL's. Nevertheless, we will see in Sec. VI that the semiempirical and ab initio dielectric tensors differ drastically for small p. The reason for this fact is that the discrepancies between the calculated wave functions turn out to be more pronounced and more important than the discrepancies in the energy bands, especially close to the interfaces. This statement is illustrated in Fig. 5 , where we can see the normalized electron density profiles ͑z͒, averaged in the plane, along the SL growth direction z. The upper panel of Fig. 5 shows the results of the DFT-LDA calculations: we can observe that the SL electron density (continuous line) is similar to the bulk GaAs electron density (dashed line) inside the GaAs layer and to the bulk AlAs electron density (dotted line) inside the AlAs layer. In the region around the As layer which is located at the interface, the SL density has an intermediate value between GaAs and AlAs densities. The lower panel of Fig. 5 shows the results of LCBB calculations: the SL density is essentially still close to the bulk densities inside the layers, but at the As interface there is an abrupt change of the SL density from GaAs-like to AlAs-like. This behavior can be traced back to the symmetrization of the As pseudopotential for the As atoms at the interface.
In conclusion, in the DFT-LDA calculations, the perturbation due to the presence of a mixed Ga-As-Al bond propagates inside the GaAs (or AlAs) layer, which makes the interface less abrupt than in LCBB. We will discuss in Sec. VI how this effect can affect the anisotropy of the dielectric response in the small barrier and well width range, where the relative weight of interfaces is more important.
IV. THE MACROSCOPIC DIELECTRIC TENSOR: THEORY
We now proceed to the calculation of the SL optical properties.
The electronic states all over the Brillouin zone, obtained either by the DFT-LDA or by the LCBB method, are the main ingredient for the calculation of the microscopic dielectric function ͑r , rЈ ; ͒. For periodic systems, a formulation in the reciprocal space is often convenient: the Fourier transform of ͑r , rЈ ; ͒ is a G, GЈ matrix (where the G's are reciprocal lattice vectors), which depends on a wave vector q belonging to the first Brillouin zone: G,G Ј ͑q , ͒. An optical experiment measures the macroscopic response of the system. In the long wavelength limit ͑q → 0͒, an absorption spectrum is described by the imaginary part of the macroscopic dielectric function M ͑͒. The electronic dielectric constant is the real part of M ͑͒ at a frequency equal to zero. In a uniaxial system, G,G Ј ͑q , ͒ depends on the direction of the wave vector q. Consequently, the dielectric function is not a scalar quantity, but a diagonal tensor, defined by two distinct elements ʈ = zz and Ќ = xx = yy , where the z axis is taken along the growth direction. As we are looking at absorption spectra, and for the periods of the SL's we considered, we do not have any additional symmetry breaking problem due to the finite value of q, as described, e.g., in Ref. 44 .
In this work we adopt an approach based on timedependent DFT. We start from the expression for the macroscopic dielectric response, which reads 45 ,46
When an external macroscopic field is applied, induced microscopic ͑G , GЈ 0͒ variations appear in the response of the medium, contributing to M . The contributions due to the presence of the GGЈ off-diagonal elements of G,G Ј are the crystal local field effects. They vanish for a homogeneous medium, where Eq. (5) reduces to
The matrix inversion in Eq. (5) mixes formerly independent transitions, even in the random phase approximation (RPA); it can therefore drastically change M due to interference effects. Not only 00 ͑q , ͒ but also the LFE's depend on the direction of q, and thus contribute to the anisotropy of the response. These facts will be important below for the interpretation of our results, to show that the anisotropy of the dielectric tensor in the static limit is governed by the anisotropy of the LFE's.
To identify the different contributions to the dielectric response, it is useful to write the macroscopic dielectric function as
where v G=0 is the Fourier transform of the bare Coulomb interaction. In TDDFT, the modified response function obeys the matrix equation
The independent-particle polarizability 0 , after a summation over the spin, can be constructed from the ab initio or semiempirical wave functions i , eigenvalues i , and occupation numbers f i :
v is a modified Coulomb interaction: v G ͑q͒ is v G ͑q͒ for all G, except for the long-range term v G=0 ͑q͒ which is set to zero. v is in fact the microscopic part of the variation of the Hartree potential with respect to the density. Its inclusion is equivalent to the inclusion of LFE's. f XC is the XC kernel, defined as the functional derivative of the time-dependent XC potential with respect to the density; it is in principle dependent. As its exact form is unknown, we have to use some approximated expressions. In the RPA, f XC is set to zero, hence XC terms are completely neglected. The adiabatic local density approximation (TDLDA) consists in writing f XC as the functional derivative with respect to the density of the adiabatic LDA XC potential evaluated at the ground state density. It is well known that the RPA can give large discrepancies between calculated and measured spectra, and this is the case for GaAs and AlAs bulk crystals. It is also known that the TDLDA does not improve significantly the quality of absorption spectra or dielectric constants in extended systems. To calculate improved SL spectra, we will apply instead a static long-range XC kernel, proposed by Reining et al. 28 and further tested by Botti et al.: 24 it has been shown that a static long-range contribution (LRC) of the form
where ␣ is a static material-dependent parameter that is inversely proportional to the dielectric constant, 24 can simulate the strong continuum excitonic effect in the absorption spectrum of bulk semiconductors, provided that quasiparticle eigenvalues are used instead of Kohn-Sham LDA eigenvalues in the construction of 0 = 0 QP . As is further discussed in Ref. 24 , this approximation drastically improves the absorption spectra of bulk GaAs and AlAs. 24 In order to make the link to our earlier work, 25 we note that from Eqs. (7) and (8) (with 0 = 0 QP ) one can extract 47
where g͑͒ = lim q→0 q 2 f XC ͑q , ͒ /4 and M QP-RPA is the macroscopic dielectric function obtained in the RPA, after the inclusion of quasiparticle corrections to the Kohn-Sham energy eigenvalues. As pointed out in Ref. 47 , Eq. (11) is equivalent to the contact exciton approximation. 48 When the LRC approximation is used for f XC the contact exciton parameter g͑͒ corresponds to −␣ /4, where ␣ is the parameter weighting 1 / q 2 in the XC kernel. In fact, in Ref. 25 we have already used the contact exciton model via the expression (11), to include excitonic corrections in the calculation of the static birefringence. This contribution turned out to be essential to reach a quantitative agreement with the experimental plateau value, although the qualitative dependence of the birefringence on p was determined by the anisotropy of the LFE's. Results for the static birefringence ⌬n as a function of the SL period have been presented in Fig. 2 of Ref. 25 and are not repeated here, whereas we will show optical spectra obtained using the LRC approach.
Independently of the question if (11) is considered as a contact exciton, or as an approximate TDDFT approach, the difference from the original work 24, 28, 47, 48 lies in the fact that here we consider an anisotropic material, which leads us to consider the possibility of using two different parameters ␣ for the two light polarizations. Below, in Sec. V, we will explain how we get these parameters. Finally, it is also possible to neglect both XC contributions ͑f XC =0͒ and LFE's ͑v =0͒. In that case the evaluation of absorption reduces to the naive independent-particle transition picture of Fermi's golden rule:
͑12͒
In the application of TDDFT to SL systems, we will discuss different levels of approximation to account for crystal LFE's and XC terms.
V. ABSORPTION SPECTRA
The quality of the the spectra obtained in TDDFT is limited by the quality of the approximate expressions for the unknown XC potential v XC and, especially, for the XC kernel f XC . We performed ab initio TDDFT calculations for the absorption spectra of p =1,3,6, ͑GaAs͒ p / ͑AlAs͒ p (001) SL's, by averaging over the direction of light polarization. We employed various approximations: the RPA based on a DFT-LDA band structure (including and neglecting LFE's), the TDLDA, and the long-range XC kernel f XC LRC defined above. Since the last approach gave excellent results for GaAs and AlAs bulk spectra, 24 we expect it to be able to give a good description also of the heterostructures composed of these two constituents. This formulation requires the quasiparticle eigenvalues; we have thus applied a scissor operator of 0.85 eV, which is the intermediate value between the calculated scissor operators of 0.8 eV, for GaAs and 0.9 eV for AlAs. 39 The value chosen for the scissor approximation is confirmed to be reasonable by inspection of the gap values in Fig. 4 : the semiempirical gaps reproduce the quasiparticle gap and are larger than Kohn-Sham DFT gaps by about 0.85-0.9 eV for all considered periods.
We have discussed above that a SL is a uniaxial system, where the optical response is dependent on the direction of the q vector. The XC kernel f XC ͑q , G , GЈ , ͒ depends on q as well; thus we introduced two different parameters ␣ ʈ and ␣ Ќ corresponding, respectively, to q along the z axis or in the plane perpendicular to it. The values of the parameters were fixed by exploiting their linear dependence on the inverse of the dielectric constant. We can in fact use the curve of ␣ versus −1 in Ref. 24 , which was obtained by interpolating the values of ␣ for a variety of semiconductor crystals:
The absorption spectra are in general rather stable with respect to small changes in ␣. The slight difference between in-plane and in-growth components of the SL dielectric constants affects the value of ␣ by less than 5%. Since we are not considering the anisotropy of the absorption spectrum, in this section we could take the same value ␣ = 0.3 for ␣ ʈ and ␣ Ќ . Moreover, as the dielectric constant does not change too much in going from p =1 to p = 6 we could select the same value ␣ = 0.3 for all the SL's considered. 49 In Fig. 6 we present as an example the calculated and experimental absorption spectra for the ͑GaAs͒ 3 / ͑AlAs͒ 3 SL. The dots are the experimental data from Ref. 1 . The dotdashed curve stems from a standard TDLDA calculation (i.e., using DFT-LDA eigenvalues and applying the static LDA XC kernel). The well-known discrepancies with experiment are evident: the peak positions are wrong (the spectrum exhibits a redshift), and the intensity of the first peak (the E 1 peak) is strongly underestimated. A very similar result is obtained within the RPA (not shown in Fig. 6 ). The dashed curve is calculated by replacing the Kohn-Sham eigenvalues with quasiparticle (scissor operator) energies in the RPA expression of . The resulting spectrum is excessively blueshifted and, additionally, the height of the E 1 structure has not been corrected. The continuous curve represents the calculation which contains the long-range contribution f XC LRC (TDDFT-LRC) to the XC kernel: both the peak positions and the intensities are substantially modified, and are closer to the experimental curve. The sole measurements found in the literature 1 were obtained at room temperature, while our calculations were performed at zero temperature. This fact, together with the approximations discussed above, explains why the agreement between calculated and experimental curves for SL's is not as good as for GaAs and AlAs bulk systems. Nevertheless, the improvement with respect to standard TDLDA calculations is undoubtable, with the advantage of not requiring any additional numerical cost and, thanks to the use of Eq. (13), without using any empirical fit parameter.
In the inset of Fig. 6 , we compare the TDDFT-LRC curves for different SL periods, p =1 (dashed line), p =3 (continuous line), p =6 (dot-dashed line). The GaAs absorption spectrum is shown as well (dotted line): we remark the expected redshift of the E 1 peak as the period increases, as a consequence of the weakening of confinement effects. The second structure (the E 2 peak) comes from transitions between weakly confined states and is thus stable at 4.8 eV. These results confirm the qualitative conclusions based on analogous LCBB spectra, presented in Ref. 22 .
VI. DIELECTRIC CONSTANT AND BIREFRINGENCE
The birefringence ⌬n, defined as the difference in the refractive index components ⌬n = ͱ Ќ − ͱ ʈ , measures the dielectric anisotropy of a medium. Here we focus on the zerofrequency birefringence, whose peculiar behavior as a function of the layer thickness was measured in Ref. 12 . For large periods, the experimental birefringence reaches a plateau value of Ӎ0.3, which agrees with the effective medium value obtained starting from the experimental dielectric constants 50 Due to confinement in the z direction, the p-like top valence states at ⌫ split into a doubly degenerate heavy hole and a single light hole state. 40 As predicted by symmetry selection rules, at ⌫ the lowest conduction states are coupled to valence light hole states by light polarized along the growth direction, whereas the heavy hole states respond to light polarized in plane. Of course, this phenomenon is not restricted to the ⌫ point or to the levels close to the gap, and the order and character of the coupled states change throughout the Brillouin zone. This prevents the description of the birefringence by means of a simple analytical model.
To get a deeper insight into how the LFE's act on the birefringence, it is interesting to understand which transitions determine the anisotropy of the dielectric response. We explore this idea by examining the effect of adding groups of bands: we already discussed the contributions of the valence bands to the birefringence in Ref. 25 ; here we add the analysis of the conduction band contributions to the band sums in Eq. (9) . The general behavior is the same for all SL periods studied. In Fig. 7 we show as an example the results obtained for the well-barrier periods p = 3 and p = 8 within the RPA. As a first step, as discussed in Ref. 25 , we took into account "all" conduction bands (i.e., those necessary to achieve convergence) as possible final states for the transitions, but we restricted the initial states to the first v valence bands (Fig. 7,  lower panel) . In order to scale the results, the values on the x axis vary from lattice to lattice, with v = ip, i being an integer. We found that the lowest bands do not give rise to a sizable birefringence and that the large positive contribution arising from the bands 4p to 6p is almost completely canceled by the contribution from the (folded) light hole and heavy hole bands 6p to 8p. In a second step, we considered all the occupied bands as possible initial states, and restricted the final states to a group of high conduction bands, starting from the cth band (Fig. 7, upper panel) to the last band included in converged calculations. In Fig. 7 the number of conduction bands is c = ͑i −1͒p + 1, where i has already been defined. Once again, the transitions to the higher conduction bands do not contribute to the birefringence. The large contributions to birefringence of both conduction and valence bands are associated with p-like states. In fact, the level splittings which give rise to anisotropy in the absorption also yield a contribution to the static anisotropy, through the Kramers-Kronig relation
Nevertheless, the large steplike positive contribution of the intermediate group of conduction and valence bands is compensated by the contribution of lowest (highest) conduction (valence) bands. Adding up either valence bands or conduction bands, if LFE's are neglected the cancellation is almost total. The contribution of LFE's to the birefringence can be measured from the difference between the circles and triangles in Fig. 7 . We observe that this contribution changes sign upon the inclusion of the highest valence bands (or the lowest conduction bands), so it becomes positive (i.e., the static birefringence is larger when LFE's are included) and dominated by the anisotropy arising from transitions involving p-like states. The large cancellation effects are essential: it is thus important to evaluate the integral (14) over an adequate frequency range. For this reason, a description involving only transitions from the highest valence to the lowest conduction bands is inadequate and can lead to an estimated birefringence with the wrong sign and about a factor of 10 too large. Nevertheless, considering only the lifting of degeneracies and the associated selection rules can be sufficient to give an intuitive picture of the trend in the static dielectric tensor components as a function of the SL period, provided that LFE's are neglected in the calculations [see Fig. 8(a) ]. In that case, the response of the medium can be interpreted in terms of a sum of independent transitions (Fermi's golden rule). Both the in-plane and the in-growth components get larger when the SL period increases. This fact is related to the decreasing of confinement effects for thicker layers, which produces smaller energy gaps. The selection rules discussed above explain why the in-growth component is always smaller than the in-plane one (except for the atypical p =1 ordered alloy): in fact, it corresponds to the polarization for which light experiences a larger gap. Furthermore, when the SL period increases, the confinement-induced splittings become smaller and the anisotropy of the response, i.e., the distance between the in-plane and in-growth curves, vanishes. When LFE's or even XC effects are taken into account, the interpretation of the calculated dielectric components becomes less intuitive [see in Figs. 8(b) and 8(c) ]. 0 is still a sum over independent transitions; however, the relation between the macroscopic dielectric constant M and 0 (even in the RPA) is much more complicated than the simple linear relation (12) , which is used in calculations without LFE's. The extra term in Eq. (7), or equivalently the result of the matrix inversion in Eq. (5), is in fact sensitive to the direction of polarization of the light, through the dependence of the wing elements of G,G Ј on the q vector. In Fig. 8(b) we can observe that, for the in-plane component, the consequence of the inclusion of LFE's is a rigid downward shift (by a quantity that equals the average shift of bulk GaAs and AlAs dielectric constants) of the dielectric constant components at any SL period. The in-growth components, on the other hand, contain LFE contributions which are negative in sign and increasingly large as the SL period grows; thus they have the tendency to balance the decreasing confinement effects, making the resulting ʈ always close to its classical effective medium value (dashed horizontal line) given in Eq.
(2).
The inclusion of the XC contributions within the TDLDA (Refs. 26 and 27) significantly increases the dielectric constant components with respect to RPA calculations. This is also true for both constituent bulk semiconductors (+7% with respect to the RPA values, consistent with earlier results 35, 51 ). Despite these significant changes, the contributions completely cancel out in the birefringence, where the two components of the dielectric tensor are only rigidly shifted on moving from Fig. 8(b) to 8(c) . This result is not surprising if we estimate roughly, applying the effective medium theory, the contribution to the large period static birefringence resulting from an increase by 7% of both constituent dielectric constants. It is given by ⌬n
͑p → ϱ͒, where ␥ = 0.07 and ⌬n RPA is the birefringence obtained using the RPA dielectric constants of GaAs and AlAs.
This means that the inclusion of XC terms within the TDLDA leads to a change of the RPA plateau of only a few percent. This is within the accuracy of the calculated birefringence. The complete cancellation of TDLDA effects in the birefringence occurs, however, only by chance, namely, because GaAs and AlAs exhibit a very similar XC correction. Therefore it cannot be considered to be a general feature. In fact, a sizable change in the birefringence can be expected in the case of different TDLDA corrections to the two bulk constituents; in that case the magnitude of the correction to the SL birefringence would depend also on the dielectric mismatch of the two constituents. To give an example, if the TDLDA correction to one of the two constituent (let us say AlAs) were 5% instead of 7%, the resulting correction to the birefringence would be 5 times larger.
In Fig. 9 we show the results of a semiempirical calculation of the static dielectric tensor components ʈ and Ќ , as a function of the SL period, neglecting (upper panel) and including (lower panel) LFE's. The LFE's ʈ,Ќ LF − ʈ,Ќ NLF are displayed in the inset. We can observe that only when p is large enough are the trends of ʈ and Ќ rather similar to the corresponding trends in ab initio calculations. For small barrier and well widths, instead, the behavior is quite different. Even without LFE's (Fig. 9, upper panel) , the semiempirical calculation shows a larger anisotropy, which increases when the SL period decreases and which tends to zero more slowly in the large-p limit. When LFE's are included (Fig. 9 , lower panel) the two curves for ʈ and Ќ become almost parallel, in strong contrast to the ab initio results and the experiment. Later, we will see that in fact this result is due to the sharpness of interfaces in semiempirical calculations and that a smoother interface corrects this error.
However, the LFE dependence on p is very similar in the ab initio (see Fig. 1 in Ref. 25) and semiempirical (see inset in Fig. 9 ) approaches. First, LFE's are always negative, since they bring into play higher-energy transitions in the important gap region, which decrease the dielectric constants. Second, their dependence on the SL period is drastically different for the in-plane and in-growth polarization of light: the in-plane LFE's Ќ LF − Ќ NLF show a very weak dependence on p, while in-growth LFE's increase in absolute value with increasing p. In the growth direction, the increase in magnitude of the LFE's with increasing p counterbalances the effects of quantum confinement on the independent-particle transitions, and leads, in the ab initio calculations, to a macroscopic dielectric constant ʈ close to its effective medium value at any period p. The anisotropy of LFE's allows us to approach for large p the finite classical limit value of the birefringence.
In order to explain the different effect of the LFE's in the two polarization directions, we apply a model based on simple physical observations: using the effective medium theory, we write the dielectric constant components without LFE's as a function of the bulk dielectric constants and a function y describing the confinement effects:
Here the assumption is the following. In Eqs. (15) and ( 
͑18͒
By fitting y͑p͒ to ab initio and semiempirical dielectric constant curves, respectively, we are able to evaluate Eqs. (17) and ( ), and simply shows the confinement effects contained in the variation of GaAs ͑p͒. The curves calculated including and neglecting LFE's are almost parallel, as the effect of the inclusion of LFE's is reasonably representable by a scaling factor on both bulk components at any period p.
Concerning the in-growth component, only for the semiempirical results is the agreement comparable; instead, there is an evident discrepancy between the model and the ab initio calculations for thin-layer SL's. Nevertheless, from Eq. (18) one can at least partially understand why the in-growth component should show less deviation from the effective medium result than the in-plane one. In fact, the ratio AlAs LF / GaAs LF is smaller than unity, even when multiplied by 1/ y, so that the dominant contribution to the component is a constant with respect to the SL period. 52 Basically, the LFE for ʈ LFE tends to localize the field in the material with a smaller dielectric constant (AlAs in our case), which is less sensitive to confinement effects. This should be even more true in systems with stronger dielectric mismatch, such as GaAs/ AlO x or GaAs/ Al 2 O 3 .
In Fig. 9 the anisotropy of the semiempirical dielectric tensor does not evolve significantly as a function of p: the two semiempirical curves ʈ LFE and Ќ LFE are almost parallel. As a direct consequence, the semiempirical birefringence (see Ref. 25 ) remains close to the large-period limit value even in the case of thin layers, in disagreement with the experimental measurements and with the ab initio calculations. We observe that the only remarkable difference that we have detected between DFT-LDA and semiempirical band structures is in the electronic density along the SL growth axis (see Fig. 5 ): the DFT-LDA density profile shows a delocalization of the states at the interface much stronger than the one in semiempirical calculations.
The comparison of numerical results, model calculations, and measurements leads to two conclusions. First, for small periods, the DFT-LDA calculations agree with the experimental findings, but deviate from the simple model as the assumption of sharp interfaces and carriers confined in the GaAs layer is not correct. We will see later that by including in the model an interface region we can correct the in-growth component of and explain the discrepancy present in Fig.  8 . Second, the semiempirical calculations are well reproduced by the model, but do not account for the steep rise of the birefringence in the small-p region. This reveals a limitation of the semiempirical pseudopotential approach, which does not give enough flexibility to electronic states at the interfaces. As a result, when the weight of interface states is important, the semiempirical method is not reliable, at least as for as small quantities like the birefringence are concerned. A correct description of the interface states turns out to be extremely important, as it significantly affects the anisotropy of the dielectric properties. Nevertheless, the LCBB method proves to work very well at large SL periods, when the relative weight of interfaces is less important.
In addition to the presence of an "electronic" interface region in the ideal sample, defined as the region where the wave functions do not have a precise GaAs-like or AlAs-like character, we have to consider the existence of an experimental interface region, due to the interlayer diffusion in the measured sample. This interface roughness can have an important impact on the experimental results, as we will show in the following. In fact, we evaluated approximately the effect of the atomic interlayer diffusion (unavoidable in the measured sample) at the interfaces on the LFE's, by means of a classical three-layer model. The first layer is a homogeneous dielectric with the dielectric constant of bulk GaAs, the second layer is the interface region, characterized by an unknown dielectric constant I and a width equal to l I layers, and the third layer is a homogeneous dielectric with the dielectric constant of bulk AlAs. By applying the effective medium theory, [13] [14] [15] we can extract the dielectric tensor components for such a three-layer SL:
, ͑20͒
where
and ͗ −1 ͘ and ͗͘ are given by Eqs.
(1) and (2). The fit has two parameters ͑l I and I ͒, whose values can be fixed by relying on some simple physical observations. First, as it is known that the experimental sample shows at least one monolayer interdiffusion, 12 we set the experimental interface region width to two monolayers ͑ I =2͒. Second, as we expect to find at the interface a GaAlAs alloy due to the interdiffusion, we assign to this region a dielectric constant I equal to the average bulk dielectric constant (of course, the model starts to be valid for p ജ 3, otherwise the definition of the interface layer is meaningless). Hence, from Eq. (1) I = ͗͘, and Eq. (19) becomes Ќ = ͗͘: in the direction perpendicular to the interfaces the effective medium theory always predicts a dielectric constant describing an average homogeneous medium, independent of p [unless the constituent itself changes, as simulated above by the function y͑p͒]. In the direction parallel to the interfaces, the interface region introduced in Eq. (20) has the effect of reducing the LFE's. The effect is stronger for small p and vanishes when p gets large: as a consequence, ʈ approaches the effective medium limit more slowly.
We conclude that, for thin layers, the interlayer diffusion can drastically reduce the birefringence (for p = 3 the effective reduction is about 60%). A larger interface region would produce a further reduction of the birefringence. This effect clearly decreases when the SL period increases and can explain, at least qualitatively, the difference still present between the DFT-LRC and the experimental birefringence (see Fig. 2 in Ref 25) in the small-period region.
Finally, it should also be noted that the reduction of LFE's due to the presence of an interface region can also be used to correct the dashed curves in Fig. 8(b) : these curves were obtained by assuming sharp interfaces, whereas the existence of an interface region in the ab initio calculation results is clearly shown in Fig. 5 . By estimating this "electronic interface" region as large as one monolayer, we can recalculate the in-growth component of which includes LFE's, by applying Eq. (20) , provided that ͗ −1 ͘ in Eq. (19) is substituted by 1 / ʈ LF from Eq. (18). The result is the dotted curve in Fig.  8(b) : the agreement with the ʈ calculated in the RPA is strongly improved, leading to a model ʈ close to its effective medium value.
VII. CONCLUSIONS
We calculated the dielectric tensor components and the optical absorption spectra of (001) ͑GaAs͒ p / ͑AlAs͒ p SL's as a function of the period within time-dependent density functional theory. The band structures were obtained by means of density functional theory in the local density approximation and by the semi-empirical linear combination of bulk bands method. The analysis of the macroscopic dielectric tensor as a function of the barrier and well width, from the monolayer ͑p =1͒ SL up to large supercell sizes ͑p =14͒ and the comparison to available experimental data show that only ab initio calculations are reliable in the case of thin layers. In both approaches, for large-scale systems, the dielectric constant components converge to the classical limits predicted by the effective medium theory. The anisotropy of the dielectric properties is explained as governed by the interplay between quantum confinement and crystal local field effects. A quantitative calculation of the birefringence is very difficult as this quantity is very small and extremely sensitive to the interface properties. In particular, for small-scale heterostructures, when the relative weight of interface states is more important, the semiempirical method does not provide a satisfying description of the anisotropy. Further many-body effects give only quantitative corrections to the static birefringence, whereas their inclusion is crucial to obtain precise spectra. In particular, we examined the effects of a static long-range contribution, due to the electron-hole interaction, to the exchange correlation kernel of DFT, showing that this approximation works very well for semiconducting SL's, and thus providing a first step for the extension of the limits of validity of this approach to more complex systems.
